We present a pseudo-Newtonian potential for accretion disk modeling around rotating black holes. This potential can describe the general relativistic effects in accretion disk properly. As the inclusion of rotation in a proper way is very important at the inner edge of the disk we derived our potential starting from the Kerr metric. This potential can reproduce all the essential properties of general relativity with 10% error at most even for rapidly rotating black holes.
INTRODUCTION
Most of the theoretical study of astronomy are approached by Newtonian or pseudo-Newtonian method. To avoid the complexity of the full general-relativistic equations people rather prefer to use simple non-relativistic equations but with the inclusion of corresponding approximate (pseudo) potential which can mimic apparently the geometry of space-time. Shakura & Sunyaev (1973) initiated the modeling of accretion disk around black holes using simple Newtonian gravitational potential as
where, x = r/r g , r is the radial coordinate of the disk and r g = GM/c 2 . Obviously this potential can not produce the properties of disk accurately close to the black hole where relativistic effects are very important to consider. Later on, Paczyński & Wiita (1980) proposed the pseudo-Newtonian potential which can reproduce even the properties of the inner disk around a non-rotating black hole very well without using relativistic fluid equations as
.
The beauty of their potential is that, it can reproduce the marginally stable (r s ) and marginally bound (r b ) orbits exactly as that for Schwarzschild metric. It also produces the total mechanical energy per unit mass at the last stable circular orbit (E s ) and the total energy dissipation at a given radius (η) in well agreement with that of Schwarzschild geometry (Artemova et al. 1996) . The error for both the occasions is less than 10%. After ten years, Nowak & Wagoner (1991) proposed another potential for accretion disk around non-rotating black holes as
which can reproduce correct r s too and the correct angular velocity (Ω) of Schwarzschild geometry at that radius. This choice of the potential gives the best approximate radial epicyclic frequency. In 1996, Artemova et al. (1996) proposed two correct potentials for describing the accretion disk around rotating black holes. The form of one of their potentials is given as
x 1 is black hole horizon and β is a constant for a particular specific angular momentum of black hole, a (for exact expression see Artemova et al. (1996) ). They showed that their potentials can reproduce x s exactly as that for Kerr geometry and reproduce the values of η at different radii in well agreement with that of general relativistic results. After that, Artemova et al. (1996) , Lovas (1998) , Semerák & Karas (1999) analyzed efficiency of different pseudo-potentials prescribed for accretion disk modeling around black hole. However, (4) gives only the analytical form of force, while for the case of other pseudo-potentials of nonrotating black holes like (2) and (3), potential itself has an analytical form. Equation (4) is not possible to integrate analytically. For the study of parameter space, like sonic point analysis etc. it is helpful to have an analytical expression of potential. Apart from that, there is a small but major mistake/error in the expression of r in which is equation (15) of Artemova et al. (1996) . That equation is only true for positive values of Kerr parameter a. In their paper, it has been mentioned no where that discussion is only for co-rotation. Using that equation (15), if one calculates E s for counter rotating cases, the error may be upto 50%, also error due to r b calculations may be upto 500%. Similarly, for negative a it can not give correct r s . The most general expression of equation (15) of Artemova et al. (1996) 
where the upper and lower signs are for co and counter rotation respectively.
It was known from various observational work that rotation of the black hole should be incorporated correctly to study the properties of inner edge of accretion disk. Iwasawa et al. (1996) showed in the context of their observation of variable iron K emission line in MCG-6-30-15 that the line emission is arising from the inner part of the accretion disk and it is strongly related with the spin of the black hole. As the inner region of the accre-1 tion disk is very much influenced by the rotation of the black hole, rotation should be incorporated in the theoretical studies. It has been argued from other observational point of view (Karas & Kraus 1996 , Iwasawa et al. 1996 that central black holes in galactic nuclei is likely to be rapidly rotating. Also for the observation of gravitomagnetic precession, the inner edge of the accretion disk is responsible (Markovic & Lamb 1998 , Stella & Vietri 1998 . Thus the prediction of the disk properties will be incorrect if the pseudo-Newtonian modeling is not correct enough close to the black holes. In the context of accretion-diskcorona, which is infalling towards the black hole, Miwa et al. (1998) chose the pseudo-potential (4) and discussed about radiation flux, velocity of infalling corona upto very close to the black hole.
Our aim of this letter is to present a pseudo-Newtonian potential which can reproduce exactly or in well agreement all the (inner) accretion disk properties. Here, we will try to reproduce the features of a rotating black hole geometry which have been reproduced by Paczyński & Wiita (1980) using potential (2) for a non-rotating black hole. Thus, we will establish our potential in a same spirit as Paczyński and Wiita did for a non-rotating system. All the other forms of the potential were proposed by hand, there were no direct connection with the space-time metric. Here we will start from the Kerr metric and will form our pseudo-potential. As the metric is involved directly to our calculation, it has been easy to reproduce most of the features of Kerr geometry by our potential. In the next section we will present the basic equations and derive corresponding pseudo-potential. In §3, we will compare a few results of the Kerr geometry with that of our potential. In §4, we will make our conclusions.
BASIC EQUATIONS AND PSEUDO-POTENTIAL
The Lagrangian density for the Kerr metric in Boyer-Lindquist coordinate at the equatorial plane (θ = π/2) can be written as
where, over-dots denote the derivative with respect to the proper-time τ , ∆ = r 2 + a 2 /c 2 − 2GM r/c 2 . The geodesic equations of motion are
For the particle with non-zero rest mass g µν p µ p ν = −m 2 (where p µ s are the momentum of the particles and g µν is the metric). Thus, if we put the solution forṫ andφ from (6) and (7) into (5) we get a differential equation of r as
Here, Ψ can be identified as an effective potential for radial geodesic motion. The conditions to occur circular orbits can be given as
Solving for E and λ from (9) we get
and
Now as standard practice, we can define the Keplerian angular momentum distribution λ K = λ E . Therefore, corresponding centrifugal force in Kerr geometry can be written as
Thus, from above, F x can be identified as the gravitational force of black hole at the Keplerian orbit. It is very clear from the above expression that it reduces to Paczyński-Wiita form as a → 0. Thus we propose, (12) is the most general form of the gravitating force corresponding to the pseudo-potential in accretion disk around black holes. The general form of the corresponding pseudo-potential (which is V x = V 4 = F x dx) is algebraically lengthy, but if we specify a perticular value of a, its form looks rather simpler. As example, for a → ±1 V 4 can be given as
COMPARISON OF THE RESULTS FOR KERR GEOMETRY AND PSEUDO-POTENTIAL
Here we will establish that our potential can mimic the Kerr geometry in a very well agreement. Now the following questions arise: (1) Does this potential (V 4 ) reproduce r b and r s as same as Kerr geometry? (2) Does it give the correct value of E s as around of Kerr black hole? (3) How does the corresponding dissipation energy distribution η(x) in the accretion disk with this potential match with that pure general relativistic result?
Apart from that, one can ask that how simple the form of our potential with respect to others so that it is easy to apply for other studies where the form is required? Below, we are discussing all the questions one by one. If we can show, our potential can tackle all the above issues fairly well, we can conclude that this is one of the best potential for accretion disk around rotating back holes as well as non-rotating ones.
At the marginally bound orbit, mechanical energy E reduces to zero and one can have an algebraic equation for a potential V as
From (14), one can calculate x b for V 4 . For the stability of an orbit, dλ/dx ≥ 0 and we get another algebraic inequation. In case of our potential V 4 , it gives
The solution of (15) From Table-1, it clear that for all values of a, V 4 can reproduce r b in a very good agreement with generalrelativistic results. The maximum error in r b is ∼ 5%. Table-2 indicates that V 4 produces E s in a fairly good agreement with Kerr geometry within a maximum possible error ∼ 10%. Thus, the potential V 4 produces a slightly larger luminosity with respect to original relativistic one in the accretion disk for a particular accretion rate. Also for the counter rotating black hole errors are less compared to a co-rotating one.
Our next step will be to compare total energy dissipation η in accretion disk for this potential with generalrelativistic result. In this respect, we will choose simple αdisk model (Björnsson & Svensson 1991 , Frank et al. 1992 , Artemova 1996 to establish pseudo-Newtonian results, where for different choice of pseudo-potential Ω can be different which could have been reflected to the final profile of η(x) (see Björnsson & Svensson 1991 . Following Novikov & Thorne (1973) , Page & Thorne (1974) and Björnsson (1995) we will calculate corresponding generalrelativistic η profile. In Fig. 1 , we show η/ṁ (ṁ is the accretion rate) as a function of x, with a as a parameter for V 4 and Kerr geometry. Here also our pseudo-Newtonian results agree within 10% error with generalrelativity. Upto moderate rotation the agreements are almost 100%, only for very rapidly rotating black holes there is some deviation but still within 10%.
Apart from that, the analytical expressions of (12) as well as (13) are transparent enough. Therefore, for other applications like detail fluid dynamical study, analysis of the parameter space of disk etc. it will be easy to implement. Thus we have shown that our potential satisfies all the criteria of a good pseudo-potential which can describe an accretion disk using non-relativistic equations. 
CONCLUSIONS
We have given a general pseudo-potential for the modeling of accretion disk around rotating black holes. For the non-rotating case, it reduces to Paczyński-Wiita potential. Here, one of the important issue was that we derived the potential starting from the metric for rotating black hole (Kerr metric). All the other existing potentials in the literature are proposed (according to the knowledge of this author) but here it is derived. As it is derived from the metric itself, the accuracy is better. Following the same procedure, starting from Schwarzschild metric one can reproduce Paczyński-Wiita potential. In this respect, to see detail calculations regarding various geodesic equations one may consult Shapiro & Teukolsky (1983) . Also we have discussed for both positive (co or direct) and negative (counter or retrograde) values of Kerr pa- (Artemova et al. 1996) do not discuss counter rotation cases. We have shown that for the counter rotation pseudo-Newtonian results have better agreement with general relativity. The reason behind it that for the co rotations, black horizon, r b , r s are shifted to lower radii (particularly for rapidly rotating cases) and generating more possibility of error. But, still we show that for our potential the possible error is 10% at most. Thus the explanation of various observational aspects as mentioned in introduction is possible accurately. If the description of disk properties is acceptable within 10% ac-curacy, our potential should be recommended.
Our next step will be to apply this potential for various fluid dynamical problems. We already have shown here that in calculation of η this potential is useful and maximum 10% error is generated for rapidly rotating cases. One should study, how does it affect the velocity profile of the accretion disk? What will be the fate of shock in accretion disk around rotating black holes using this pseudopotential? How does it affect to the valid parameter region of disk? No one has proceeded to these issues for rotating black holes. Next, we expect to explore all these works.
